1 Summary of ADI Scheme

Contributors Mitchell-Gourlay, Beam-Warming, Briley-MacDonald.
Discretize
ow

0
S+ R(w) =0, R(w) = = f(w)+

0

%Q(W) (L.1)

by the trapezoidal rule

wn+1 — " 1 il nt1
N + 3 (sz(w )+ Dyg(w ))
1
£ 2 (Daf(w") + Dygl™)
- v + R(w) + O(At?).
ot
Linearize this by setting
f@™h) = fw") + Adw + O(||Aw?||)
gw™™) = g(w") + BAw + O(||Aw?|),
where A = %, B= g—w. Hence,
1 1 ny Ow 2
Az I+ iAt(D:EA + DyB) ¢ Aw+ R(w") = a2 R(w) + O(At?).

Use approximate factorization to reduce the complexity of the linearized scheme:

1 1 1 ny_ Ow 5
A7 {I + QAtDIA} {I + 2AtDyB} Aw + R(w") = ot + R(w) + O(At?),

where there is an additional factorization error
LN
ZAt D,AD,BAw.

Problems:
1. The factorization error dominates at large CFL numbers

2. The scheme isn’t amenable to parallel processing



2 ADI scheme with 3-4-1 Backward Euler

2.1 General Derivation

Discretize 5 5 9
w
5+ Rlw) =0, R(w) = 5 f(w) + 5glw) (21)
by the fully implicit scheme
3 n+l 2 n 1 n—1 n+1ly __
Az N + A + R(w"™) =0. (2.2)

This is second order accurate and A-stable (the third order accurate scheme is
stiffly stable). Using an inner iteration, solve for a general body fitted moving

coordinate system with coordinates X; with determinant of the transformation
defined as

ox
J = ’8)( (2.3)
the equations now becomes
0 OF;
where ax
F; = I(f — ; 2.
’ Jaxi (fi — umesh;w) (2.5)
and in conventional notation
or _ oxi _ oy
aI a 811 - 8]
or _ 0X, _ s
dy  Oxy  OI
21 _ 0Xa_ 0y
or  Ox;  OJ
21 _ X o
oy  0Oxy  0OJ
(2.6)
in integral form
0
—/ de—!—/ (fi — umesh;w)dS; =0 (2.7)

where dS; is the component of area projected in the x; direction. a set of ODE’s
can be obtained from discretisation of spatial variables

d
pr (wV)+ R(w)=0 (2.8)



discretize this equation in time implicitly,

3 4 1

3 Vi T gV T aag Wi Vi i
we then linearize R (wfjl)
OR(w™
R ) = Rw") + ) p 1 0w (2.10)

but we know that

OR(w™) 0 ( OF; 0 OF; 0
= A; 2.11
ow ow <6Xi) X, ow  0X, (2.11)
combining equations we get
3 n+1lyyn+1 4 1 n 1ym—1
oAt Vi T gAYV T gAYy Vi
0 0
— A+ —B!. | Aw" T = 2.12
+<8X1 l’JJr@Xg w) w JrR(wm) 0 (2.12)
setting
Vij =Vt =y =Vt (2.13)
and multiply everything by % gives us
n+1 n n—1
ij T 3Wig T 3Wiy
2At 2At
= (DrA+ D;yB) Auw" +—R( 1) = O||Awl)? (2.14)
substitute w”j‘l w;'; by Aw{fj and rearrange equations,
2At 2At
I+ == (D;A+D;B); Aw}; A"l—— Aw|[*(2.1
{1+ 55 Dua Ds5) | uty = ot = 3R ) + 01 Aul(215)

factorized form is

(I 2AtD]A)< 2AtD,B) Awf, f—A n 1—2—AtR( n)+ O Awl?

3V 3V 3V
o (2.16)
we then solve the factorized form in 2 steps, first find Aw
2At L 2AE
then solve for Awy’;
2At —
(I + ?)VDJB> Aw?; = Aw; (2.18)



2.2 Matrix Representation

Overall, for the ADI type methods, where the tridiagonal Jacobian matrices
looks like below,

D C 0 0 0 0 Aws

A D C 0 0 0 Awg

0 A D C 0 0 Aws | — | R.ES. (2.19)
0 0 A D C 0

Aws

the diffusion of the difference of the fluxes at j + 1 and j written in first order
expansion of Taylor series,

A D c
0 (hypy —hyy 0 (hyyy = hyy) 0 (hysy = hyy)
J+2 J 2 J+2 J 2 j+2 J 2
Aw;_ Aw; Aw;
3wj_1 wj ! + 8wj wJ + 8wj+1 ijrl
= Aj_JrlA’LUj_’_l - A]_Aw] + A;FAU}] - A}tlAw]’_l

= (DfA™ + D A") Aw
= (_A;;l) ij_l + (A;_ - AJ_) ij + (Aj_+1) ij+1 (220)
—— ———— N——

A D c
this results in
—A; + A; Ay 0 0 0 0 Awy
fA; —-A; + A;r Ay 0 0 0 Aws
0 — A7 —A; + Af Az 0 0 Awy
0 0 —Af —A; + AT A 0 Aws
(2.21)

Therefore, flux splitting is equivalent to added diffusion. Notice that each Ja-
cobian is needed twice (i.e., in two rows of the matrix), therefore, it is better to
calculate all the Jacobians and store them in memory than to calculate them
on the fly. The equations written in matrix form, first solve for Aw by solving
for each j a set of equations

Ay AwjZy R (wly)
Aw;_3 Awps R (wis)

0+ 3 paal] | B | = 3| Auiny |2 Bl | o)
3V i 31 Aw! 3V | R(ws)

R.H.S.



where

100
010
=10 01 (2.23)
and
—A; + A Ay 0 0 0 0
—Ay  —A7 + AT Ay 0 0 0
(D, A] = 0 —AF —Ap + AT Ag 0 0
0 0 —Af —A; +AF A 0
(2.24)

of course, special boundary conditions have to be applied at i = 2 and i = IL.
Then solve for Aw™ by sweeping the other direction, i.e. for each i, solve the
following

Aw?

7=2 2
2AL | R
I+ 2= [D,B]| | AWj=a | == | Aw,, (2.25)
3V Yy n 3 7‘21
ij:5 ij:5

where
—B; + Bf By 0 0 0 0
—-By —-Bj + By By 0 0 0
[D,B] = 0 —-Bf —B; + Bf B 0 0
0 0 -Bf -B; +Bf By 0
(2.26)

again, we may treat the boundary conditions at j = 2 and j = JL implicitly.

2.3 Flux Splitting and Diffusion Equivalence

The flux splitting of AT, A=, BT and B~ are done by upwinding the eigenvalues
of the Jacobian matrices, i.e.

At = % (A =+ 2¢,1) (2.27)
B* = % (B £ 2¢,1) (2.28)

where ¢€; is the diffusion coefficient from the artificial dissipation of the JST
scheme’s first order diffusion term, then

At + A=A (2.29)
B*+B =B (2.30)



Here, the Jacobians can be obtained from simple transformations A = M AM!
as derived by Jameson. The left hand side can also be derived from taking the
partial derivative of the fluxes with respect to the corresponding state variable.

B(hQL—h17> 6(h21—h1l)
- 2 0 0 0
2 3
Owa dws Owy
[DyB]: 0 8(h4%—h3%) 3<’L4%—h3%) 8(h4%—h3%) 0
8’UJ3 (9’LU4 wWs
Ol h.1—h Ol h.1—h Al h.1—h
0 0 ( 55 Mal 55 M4l ( 5% 4%)
8’LU4 (971}5 811)6

(2.31)
With first order diffusion hj+% = fj+% — dj+é’ the Flux Split and the above
formulations are equivalent.




3 Dual-Time Stepping

Discretize 5 5 9
w

— +R =0, R = — — 3.1

57+ Rw) = 0. Rw) = 5o f(w) + Sog(w) (3.1
by the fully implicit scheme

3 2 1

n+l n n—1 n+1 _
A N + ALY + R(w"™) =0. (3.2)

This is second order accurate and A-stable (the third order accurate scheme is
stiffly stable). Using an inner iteration, solve

ow 3 2 1
o togwt R(w) — IRy v 0 (3.3)

to pseudo-time, 7, steady-state with
1. explicit multistage scheme
2. variable local At
3. implicit residual averaging
4. multigrid

The main snag with this scheme is that no error estimate for time accuracy can
be found unless the inner iteration is fully converged.



4 Proposed Hybrid Scheme
The 2D Euler or Navier-Stokes equations in conservation form

dw | 0f(w) | dg(w)

ot or oy

= 0’
can be discretized using a nonlinear implicit scheme as

3 1 2 1 1 41
Q2 n I ) I 1) n — 4.1
2Atw Atw +2Atw + R(w™) =0, (4.1)

where the discrete residual
R(w) = D, f(w) + Dyg(w).

This can be linearized by setting

R(w™) = Riw™) + 28 A 1 0 A ?
ow
or
R(w"*!) = R(w"™) + (DA + DyB)Aw + O ||Aw||?, (4.2)
where
Aw™ = "t — "
_ Of(w)
4 = ow
_ 9g(w)
B = ow

Substitute the fourth term R(w"™*!) in (4.1) by (4.2), and we have

3 n 1 n—1 n n
ow n o
= E + R(w ) + O(At ) (4.3)

We can rearrange the terms in (4.3) to get

{I + %N(DIA + DyB)} Aw™ + %NR(w") - %Aw”_l
_ 2?’5 (%:’ + R(w") + O(Atz)) . (4.4)

The proposed hybrid scheme will take an initial ADI step

(1 + 23ND1A) (I + 23NDyB> Aw® + 2TAtR(w”) - Aut =0, (49)



and then iterate with a multistage time stepping scheme augmented by multigrid

to drive the solution in the steady state limit towards the linearized equation
(4.3).

2A 2A 1
Aw® — Aw*=Y 4 3 { (I + Tt(DgcA + Dy3)> Aw*=D 4 %R(w”) - 3Aw"—1} = 0(4.6)

the iteration can be expanded as follows.

2A 2A 1

Aw® — Aw® + 5 {(I + Tt(DwA + DyB)) Aw® + TtR(w") - 3Aw”_1} =0(4.7)
2A 2A 1

Aw® — Aw® + 6, { (I + 5 t(DwA + DyB)> Aw® + =S tR(w") — 3Aw"—1} = 0(4.8)

The initial ADI step is already formally O(At?), and subtracting the product
of 41 and (4.5) from (4.7) we get

NG
Aw® — Ap® = ﬁthDzADyBAw(l) = O(At?), (4.9)

and subsequently any Aw®) — Aw*~1) is also O(At?).
The advantages of this scheme are that

1. We should retain formal second order accuracy with any number of iter-
ations, and it should not be necessary to iterate to convergence within
each implicit time step, in contrast to existing dual-time stepping schemes
which are only second order accurate if the inner iterations are fully con-
verged.

2. The additional iterations with multigrid should provide information ex-
change between processors which is needed to stabilize the ADI scheme
run separately in each processor.



5 Multigrid for ADI

We can apply multigrid to ADI if necessary. On the finest mesh,

L(w") AtR* (w™)

1

2At 2At 2At
(I—|— DxA> (I—|— DyB) Awl; + =R (w};) — —Aw'T =0 (5.1)

3V 3V 3V 3= g

on the coarser meshes, we’ll solve the modified equation,

£’2h(w;h) WR

(1+

QAtDmA> (I + w@B)
2h

3V 3V oh

(the multigrid calculation is similar to the explicit method.)
In the V-cycle, a brief description of what happens

1.
2.
3.

update in EULER W" — Wnt+l
calculate residuals DW in EULER
restrict both W™t! and DW to coarser mesh

in coarser mesh, update in EULER W" — W"*! with right hand side
modified as in (5.2). The residual calculation is needed to find the RHS.

calculate residual of updated value in EULER.

continue to descent to coarser mesh.

when ascending back to finer mesh, prolongate the TOTAL CHANGE in
W in the coarser mesh, and add it to the updated value in the finer mesh.

10

Awg, +At | By, (wh)) + | Y R (wp) - B3, (

)} = 0(5.2)



6 Stability Analysis of ADI

Suppose we start with the discretized equation

2At 2At 2At
IT+p=—D,A) (I —DBA»_fAnl——R O|lA
(14035 Dat) (146350, ) duty = gty =3 Rut 140 [Aul
(6.1)

where the constant p is added for the sake of changing the stability of the
scheme. It comes from the equation

3 n+1 2 1 n—1 n+1 n
= - [ + +(1- = 2

substituting the Fourier modes w}’; = g"ew=XieiwuYi for the scalar case, letting

Ay = A% and A\, = Bﬁ—;, and let ¢, = w, Az and §, = wyAy. and factoring

iwe X Hiwy Y

out g"e ie

(9-1) B — g0+ i Dhssin (€) + Ay sin @)}] i Dhasin (€) + Aysin (&)} = 0(6.3)

then if we attempt to solve for g by rewriting in quadratic form

2
(6.4)

5+ Dhasin (€ + Aysin (€} 4%+ (1= 1) Dhasin (6) + Aysin (6} — 21 g5 =0

the roots for this equation are

((p—1) =i (2u —4) {Agsin (&) + Aysin §y \/ —1)—i(2p—4) {Aesin (&) + Aysin (&)} —
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7 Boundary Treatment for Inviscid Euler Solid

Body

From the flow tangency condition for the flux through solid wall,

(u1 + Uz)
2

(v1 +v2)

S 5

=0

+ 9y

therefore the only remaining terms of the boundary flux is

0
| P
N7 | Xe(P+ Py)
qF Py +q; P

where for J-direction flux

S, = Y
S, = Xe
q:_ = S:Eu2 + SyUQ
q9s = Spuq + Syvl
2 2
pu); + (pv
P=pP = (y-1) ((PE)Q - ( )22p2( )2>

where the subscripts 1 denotes the cell immediately outside the wall, 2 denotes
the cell immediately inside the wall, and the metrics are calculated at the bound-
ary surface. Therefore, the flux Jacobians are derived by taking derivatives of

the flux with respect to the state variables of respective cells, i.e.

09y 1
Bf =
oW,
dgq1
By = —2
oWy

and it is easy to rewrite B} in terms of state variables W5.

12



8 Old Boundary Treatment for Inviscid Euler
Solid Body

The implicit inviscid wall BC needs special attention, from the constitutive
equations at the boundary,

dp1 = 6p2 (8.1)
0p1UL = dp1Us (8.2)
0pVi = 0p1Va (8.3)
0p1E1 = 6p1Es (8.4)

where Uy, V7 and Us, V, are the contravariant velocities in the flow and in the
solid body respectively.

U = Xx%plul + Xy% p1V1 (8.5)
p2Us = Xx%PWQ + Xy% p2v2 (8.6)
piVL=Yo, prus + Yy, proy (8.7)
p2Vo = 73 paus + ng P22 (8.8)

where the metrics are calculated at the surface of the boundary, and the densities
and absolute velocities taken from the cell centers. Taking the difference,

0p1 Uy :Xxgé( )+Xy36(p1v1) (8.9)
0paUs = ng 0 (p2 (pgvg) (8.10)
opVi = de ] (plul) +Y,,0(p1v1) (8.11)
0p2Ve = Ya, & (p2uz) + sz d (pav2) (8.12)
relating the above equations,
Xmgé (pru1) + Xygé (prv1) = ngé (pauz) + Xy%(S (pav2) (8.13)
YI% 5 (pru) + nga (p1v1) + Y,»,;%(S (pous) + Yy% 0 (pav2) =0 (8.14)
rearrange the terms,
Ky (0 (prus) =0 (pauz)) + Xy, (6 (prv1) — 8 (p2v2)) =0 (8.15)
Vig (0 (prn) + 8 (pa2)) + Yy (0(pron) 46 (proa)) =0 (8.16)
in matrix form
(1) ng ng 8 5%/10;)1) (1) ng X?”g 8 5(2152)2)
0 Yo, Yoy O S(pv1) || 0 =Yy, —Yi, O 8 (pava)
0 0 0 1]LdmE) 0 0o 0 1|LdmE)

13



0 (p2) 6 (p1)
solving for (;EZ zzj)) in terms of gE‘; 133 we have
d (p2E2) d(pr1Er)
-1
6 (p2) (1) XO XO 8 (1) XO XO 8 é(p1)
6 (pauz) | _ 3 3 vy =g d(pun) g 18)
6 (p2E2) 0 0 0 1 0 0 0 1 5 (p1E1)
and inverting the 2X2 matrix,
H
d (p2) A 0 0 0 é(p1)
S(pyun) | _L |0 Doy Moy X0y o) Wy Koy 450 T0y) 011 5 (pren) g1
5 (p2k2) 0 0 0 A d (p1En)
where
1
A= (8.20)

Xrg ng - Xy; Xm;

2 2 2 2
from this, the tridiagonal matrix for the j direction with fixed ¢ can be re-written
as (written here for the second sweep, but can very well be the first sweeping
direction, just change the unknowns and the R.H.S.). Ideally, this should be
done as the initial sweep, since the intermediate variables szj may not share
the same type of boundary conditions.

note note n—1 ~"n
/t\l /t\z sz’izl Aw =2
ong |~ B2 +Bf — Bf H By 0 0 ij:_g,l Aw;_g
[+ = -Bf —B; + Bf By 0 Aw?:4 — Aw¢74
3V 0 —-BY  -B; +B} B; Aw"=} Aw,_g

S,
Il

The above notel and note2 comes from

a91%
Ows
a91%
6w1

By, «—

Bf « (8.22)

further, if 911 depends only on ws, then Bf =0.

14
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9 LU Decomposition of Block Tridiagonal with
Periodic Boundaries

For a O-mesh, this is necessary for I =1 and I = I E in J-sweeps

. Starting with

[ d1 C1 0 0 0 0 0 aiq 1T Iy i I b1 i
as dg C2 0 0 0 0 0 i) bg
0 as d3 C3 0 0 0 0 I3 b3
0 O a4 d4 Cy 0 0 0 XTq b4
0 0 Gnp—3 dn73 Cn—3 0 0 Tn-3 bn73
0 0 Qp—2 dn—2 Cn—2 0 Tn—2 bn—2
0 0 0 An—1 dn—l Cn—1 Tp—1 bn—l
| ¢n O 0 0 an dy, | Tn | bn |
(9.1)
we perform an LU decomposition of the LHS matrix into its components
£ u
[ Lo 00 0 0 0Ty v o0 0 0 W ]
Ks Lo 0 0 0 0 0 U, W 0 0 Wo
0 Ks Ls 0 0 0 . . ) ) .
0 0 K4 L4 0 0 0 Un72 Vn72 Wn72
: : 0 0 0 0 U, _ Vn,1
L Jooo K, L, L0 0 0 0 Un |
(9.2)

From the above decomposition, we can derive the following equations:

From the Upper Diagonal elements,

LV,
LyVs

Ly—2Vi—o

and,
Ly Vo1 + Ky 1Wyh_o
J1Uy
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From the Lower Diagonal elements,

L1W1 = aq (94&)
and,
K2U1 = as
K3U2 = as
Kn_lUn_g = Ap—1 (94b)
and,
KnUnfl + Jn72vn72 - [¢7% (940)
From the Diagonal elements,
L1U1 = d1 (95&)
and,
LoUs + KoV = de
LsUs+ K3Vo = ds
LnflUnfl + Kn71Vn72 = dnfl (95b)
and,
n—2
LU+ KnVoa + > W, = dy (9.5¢)
i=1
and from the Zero elements,
KW+ LWy = 0 JoUs + 1 Vi
KsWo+ LsWs = 0 J3Us + bV =
K, oW, 3+ L, cW,_ o = 0 (96&) JpoUp o+ Jp 3Va_3 = 0 (96b)

Solution of this set of equations is provided as follows:

Ly = 1 i = ¢
Ly =1 Voo = ¢
Ln = 1 (97&) Vn,Q = Cp—2 (97b)

then

16



KQ = CLQUl_l

(9.8a)

cn Ut (9.9¢)

A
—JVoUs !

~Jn—3Vn_3U; 2y (9.9d)

(9.10a)
(9.10b)

Uy=dy —
/
Upy=dy — KoVi — Ks=a3U;"
/
Us=ds— K3Va — Ky=aU5"
e
Upo=dy_o—K, oV,_3 — K, 1= an—lUn__lg
e
Un1 =dp—1 — Kn_1Vp_2
then
Wiy = a (9.9a) Ji =
and and
Wy — KW,y Jy =
Wy = —K3W, J3 =
Wn72 - - n72Wn73 (ggb) Jn,Q =
and finally
Vn—l = Cpn—-1— Kn—IWn—Q
K, = (an—Jn2Vy o) Un__ll
n—2
Ui = do—KiVaor =) JiWi

=1

Then for the solution of the equation (9.1):
[v]

solve first

by forward substitution

17
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(9.12)



Ly by yi = Li'hy
Koy + Loy = b Y2 o= Lgl (ba — Koyr)
Ksys + Ly bs Y3 Ly (bs — Ksys)
anlyn72 + Lnflynfl = bnfl Yn—1 = L;Lil (bnfl - anlyn72)
and, and,
n—2 n—2
Z Jiyi + Knyn—l + Lnyn = by, Yn = L;l (bn a Kny"_l o Z Jiyi)
=1 =1
and then solve
[U][z] = [y] (9.13)
by backward substitution
Unxn Yn Tn = Un_ 1yn
Unflxnfl + anlxn = Yn—1 Tn—1 - U7:—11 (y’ﬂfl - V’ﬂflx’ﬂ)
and7 and,
Un—an—Q + ‘/n—an—l + Wn—2xn - Yn—2 Tn—2 = Un_—12 (yn—Q - Vn—an—l - WW:—QI")
Unfgl‘nfg + anga'}nfg + Wn73$n Yn—3 Tn—3 = U;E3 (yn,;g — Vn,3l‘n,2 — Wn,&ibn)
Uiz1 +Vize + Wiz, = »1 vy = U7'(y— Vizg — Wizy,)

18




10 Diagonally Dominant Alternating Direction
Implicit (DDADI) Scheme

Consider the upwind flux split,

R=D, f"+D}ff +D,g" +D}g™ (10.1)
applied to the Linearized Equation
{I LR (DA~ + D, A%) + A (Df B~ + D, BY) } Aw+ AtR =0 (10.2)
Az ¥ ° v Ay VY Y
Setting
DI = (Ef - E)
Dy = (Ej - E;)
D} = (Ef — E))
D, = (B, - E,)
then
{D + At (E*A’ — E’A+) + At (E*B’ — E’B*) } Aw+ AtR =0 (10.3)
Ax M ° * Ay VY Y
where
AT = TAFT!
AT — AT = TIANT ' =|A
At At
D = I+A—x(A+fA ) A—y(B*—B )

At At
+ 5 A+ 5 1B

remove a factor of D

At At
D{I+D ' —(EfA-—E; A"+ D '— (EfB~ —E;B") } Aw+AtR =0
{reom 2t (Bra - By 00 S (57 - By ) b aus
(10.4)
and factorize
Aw®
plrypr2t (EfA~ —E;AT) 31+ p1 At (EfB™ —E;BY) t Aw+AtR =0
Az v F z Ay N Y Y
(10.5)
written altrernatively,
diagonal term 21| Alabsorbed in here diagonal term 21| Blabsorbed in here
At At At At
I —|B — (DFfA=+D; AT s DT — A — (DB~ 4+ D, B") y Aw+AR =0
(10.6)
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We can see the two additional diagonal terms when compared to traditional
ADI schemes. Solve (10.5) in 2 steps by

1. First solve

At
D+ —(EtA= —E AN\ Aw® = —A 10.
{ +Ax( w - )} w tR (10.7)

(alternatively, a better representation of the scheme is)

At

At A= 4 DA+ W _
{[+AyB+M(DzA +D; A )}Aw =-AR (10.8)

2. then solve

At e
{D + Ay (EfB™ - E, B+)} Aw = DAw™ (10.9)

(alternatively, a better representation of the scheme is)

At At
I+ —|Al+ — (DfB~ + D, B") } Aw = DAw® 10.10
{+Ax||+Ay(z +D; )}w w (10.10)
To investigate the difference between standard Approximate Factorization
and the DDADI approach, we use a different approach to derive the DDADI for

the ADI with 3-4-1 Backward Differencing in time, starting with

2At 1 2At
I+>— (DfA~+D ;A" + DB~ + D, BY) t Aw= Aw" "' — =
{+3V(z+z+y+y)}w3w 3VR
(10.11)
and extract the diagonal terms before factoring,
2At _ _ _ _ 1, .1 2At
{D+3V (BEfA~ —E A"+ E/B™ - E, B*)}Aw: gAw - WR
(10.12)

pull the diagonal terms out of the equation

2At At

D {I + D' = (EfA” —E;A") + p-122! (EfB™ - E;B+)} Aw = -Aw" ' -

3V 3V
and the factorized form is

120
3V

120

D {I + D~ (BfA™ — Eﬁﬁ)} {I +D7 5

20
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finally, multiply out the factored form to see what the extra terms are

2At
D {I+ D—lW (BfA™ —E AT+ EfB™ —E; BY)
_124AF° _ - — - L et
+D7! e (EfA~—E A")(EfB” —E,;B") ) Aw = FAw" -

extra error term
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